Abstract. In this work we propose a discontinuous Galerkin method for linear elasticity, based on discontinuous piecewise linear approximation of the displacements. The method is based on the classical Nitsche method with a term stabilizing (or penalizing) discontinuities of a special form. We show optimal order a priori error estimates, uniform in the incompressible limit, and thus locking is avoided. The discontinuous Galerkin method is closely related to the non-conforming Crouzeix-Raviart (CR) element, which in fact is obtained when one of the stabilizing parameters tends to in nity. In the case of the elasticity operator, for which the CR element is not stable in that it does not ful ll a discrete Korn's inequality, the discontinuous framework naturally suggests the appearance of (weakly consistent) stabilization terms. Thus, a stabilized version of the CR element, which does not lock, can be used for both compressible and (nearly) incompressible elasticity. Numerical results supporting these assertions are included. The analysis directly extends to higher order elements and three spatial dimensions.
Introduction
In a discontinuous Galerkin method the approximation space typically consists of discontinuous piecewise polynomials with boundary conditions and continuity on inter-element boundaries weakly enforced through the bilinear form. For second order problems these methods appear to origin from the work of Nitsche 9] , where a consistent method for weak imposement of Dirichlet conditions was introduced. Later, similar techniques to enforce continuity on inter element boundaries were introduced and analyzed, see for instance Wheeler 13] and Arnold 1] . Recently there has been a growing interest in discontinuous Galerkin methods for a variety of di erent applications, see the conference proceedings 14] for an overview of recent work.
In this paper we propose and analyze a discontinuous Galerkin method for linear elasticity, which has optimal order and does not lock in the incompressible limit. The method is related to the earlier work of Hansbo and Larson 7] , but uses a di erent stabilization (or penalization) of discontinuities. There is a natural connection between the discontinuous Galerkin method proposed here and the classical nonconforming Crouzeix-Raviart (CR) element, see 4] . The lowest order CR element is a simple nonconforming nite element for triangular elements with nodes situated at the midpoints of the element sides, which can be used for the Poisson problem and the Stokes or Navier-Stokes problems 4, 11] . Further, Brenner and Sung 3] used the CR element to construct a locking free method for the pure displacement problem of almost incompressible elasticity. However, for the traction problem in elasticity the CR element is known to be unstable, since it can not control the rigid body rotations, cf. Hughes 8, Sec. 4.7] . In the two dimensional case, Falk 5 ] obtained a stable version of the CR element by splitting the elasticity operator and projecting one part of the operator onto a macro element. In this paper, we instead obtain a stabilized method for the CR element, by simply using the CR element in the discontinuous Galerkin method. In fact, the CR element approximation is obtained as a certain stabilization parameter tends to in nity in the discontinuous Galerkin method. Thus, error estimates for the nonconforming method based on the CR element is obtained as a special case of the error estimates for the discontinuous Galerkin method. Although we present the analysis of linear elements in two spatial dimensions it directly extends to higher order elements and three spatial dimensions.
The paper is organized as follows: in Section 2 we introduce the equations of elasticity and the discontinuous Galerkin method, and we prove a priori error estimates; in Section 3 we introduce the stabilized method for the nonconforming CR element; and in Section 4 we present numerical examples illustrating our results. be the space of piecewise linear discontinuous functions. The set of edges in the mesh is denoted by E = fEg and we split E into three disjoint subsets E = E I E D E N ; where E I is the set of edges in the interior of , E D is the set of edges on the Dirichlet part of the boundary @ D , and E N is the set of edges in the Neumann part of the boundary @ N . Further, with each edge we associate a xed unit normal n such that for edges on the boundary n is the exterior unit normal. We denote the jump of a function v 2 DF at an edge E jT + j + jT ? j =(2 jEj) for E = @T + \ @T ? ; (2.9) with jTj the area of T , on each edge. Using Green's formula, we readily establish the following proposition. Choosing small enough we obtain the desired estimates.
For the proof of our a priori error estimate we introduce the interpolation operator Using the theory developed in the previous section to this method we obtain the following theorem.
Theorem 3.1. The discontinuous Galerkin method with the CR-element (3.2) is the limit of the discontinuous Galerkin method (2.5) as 0 ! 1. (3.5) with c independent of , , and h. Proof. The fact that the solution to the discontinuous Galerkin method (2.5) tends to (3.2) and the error estimate follow from Theorem 2.1, since the constant is independent of 0 we just let 0 tend to in nity.
Remark. Our analysis extends directly to the case of higher order polynomials. For odd order of polynomials we get the CR-family of elements, while for even the situation is not so simple, due to the fact that the values of a polynomial at the Gauss points on the edges of a triangle is dependent in that case. For polynomials of order two we refer to Fortin and Soulie 6] , where it is shown that one obtains the usual continuous quadratic polynomials together with a nonconforming bubble on each element.
Remark. On rectangular elements we instead obtain the element proposed by Rannacher A mesh with the exact solution plotted in the nodes is given in Figure 1 . In Figure 2 we show the stability problem of the CR element corresponding to choosing 1 too small, and the stabilizing e ect of the boundary jumps with an adequate choice of 1 . In Figure 3 we show the convergence of the CR method (with 1 = 0:5), and second order convergence is attained, as expected. We also give the convergence rate of the corresponding conforming linear nite element method. It is noticeable that the error relative to the number of unknowns is almost identical for the nonconforming and conforming method. 
